Deformed Heisenberg algebra with reflection appeared in the context of Wigner's generalized quantization schemes underlying the concept of parafields and parastatistics of Green, Volkov, Greenberg and Messiah. We review the application of this algebra for the universal description of ordinary spin-j and anyon fields in 2+1 dimensions, and discuss the intimate relation between parastatistics and supersymmetry.
Introduction
Generalized statistics was introduced in physics in the form of parastatistics as an exotic possibility extending the Bose and Fermi statistics [1] [2] [3] [4] [5] . It was closely related with the discovery of color in the context of the theory of strong interactions. Nowadays generalized statistics [6] [7] [8] [9] finds applications in the physics of the quantum Hall effect and (probably) it is relevant to high temperature superconductivity 10 . Supersymmetry, instead, unifies Bose and Fermi statistics [11] [12] [13] [14] [15] and its development lead to the construction of field and string theories with exceptional properties 16 , that transformed the same idea of supersymmetry in one of the cornerstones of modern theoretical physics. Supersymmetry was observed in nuclear physics in the form of dynamical symmetry 17, 18 , whereas its manifestation as a fundamental symmetry of elementary particle physics still waits for experimental confirmation.
Though supersymmetry and generalized statistics may be unified in the form of parasupersymmetry 19 , nevertheless, by the construction, the two concepts seem to be independent. Recently, the existence of intimate relation between generalized statistics and supersymmetry was established by observation of hidden supersymmetric structure in purely parabosonic 20 and purely pafermionic 21 systems. The key tool with which the observation of close relationship between generalized statistics and supersymmetry was realized is the so called deformed Heisenberg algebra with reflection, or the R-deformed Heisenberg algebra (RDHA) 22, 23 . The algebraic construction of RDHA appeared in the work of Wigner 24 , where he investigated the problem of correlation of equations of motion with quantum mechanical commutation relations and proposed the generalized quantization schemes which subsequently lead to the theoretical discovery of parastatistics [1] [2] [3] [4] [5] (in this context, see also refs. [25] [26] [27] [28] ). RDHA represents, probably, one of the first examples of deformation of bosonic harmonic oscillator which, as it was shown recently, possesses some universality being also related to parafermions 22, 23 , to (2+1)-dimensional anyons [29] [30] [31] , and to the bosonized form of supersymmetric quantum mechanics 32, 30, 33 . Besides, the RDHA structure underlies the construction of fractional supersymmetry 34 . In this talk we review the application of RDHA for the universal description of ordinary spin-j and anyon fields in 2+1 dimensions by means of first order linear differential equations [29] [30] [31] , and discuss the exotic supersymmetry of purely parabosonic systems 20 .
Supersymmetry of parabosons
The deformed Heisenberg algebra with reflection is generated by the creation-annihilation operators a + , a − and by the reflection operator R satisfying the relations
where ν is a real deformation parameter. Due to these basic relations, the creation-annihilation operators satisfy the trilinear parabosonic commutation relations [{a
Introducing the Fock vacuum state, a − |0 = 0, and fixing the action of operator R on it as R|0 = |0 , we arrive at the relation a − a + |0 = (1 + ν)|0 , which together with trilinear commutation relation means that at ν = p − 1, p = 1, 2, . . ., the operators a ± have the sense of single-mode creation-annihilation operators of paraboson of order p. Vice versa, one can show that parabosonic trilinear commutation relations themselves give rise to RDHA 22 . In general case, the number operator is realized in the form N =
, and the reflection operator can be represented as R = (−1) N = cos πN . The reflection operator introduces a natural Z 2 grading structure in the Fock space and its presence in the definition of RDHA can be considered as an indication on possible relationship between parabosons and supersymmetry. To reveal a supersymmetry of parabosons, one notes that RDHA can also be given by the relations
where
2 is the characteristic function satisfying for ν > −1 the relations 
, reveals doubling of all higher-lying levels. This indicates on existence of supersymmetry in such purely parabosonic systems. As it follows from the explicit form of the characteristic function, in the case of paraboson of order p = 2(k + 1), k = 0, 1, 2 . . ., and Hamiltonian H = a + a − , the supersymmetry is characterized by the presence of k + 1 singlet states with energies E = 0, 2, . . . , 2k. Therefore, only in the case k = 0, the spectrum has one singlet state of zero energy, whereas all other cases are characterized by the presence of k higher-lying singlet states of nonzero energy in addition to the zero energy ground state. The corresponding supercharges are the infinite series operators in the corresponding paraboson operators:
They together with the Hamiltonian satisfy the polynomial superalgebra: 20 that the supersymmetry of purely parabosonic systems can be understood as the supersymmetry of Calogero-like systems with exchange interaction and that in principle it can be realized in one-dimensional systems of identical fermions. Besides, it was demonstrated that nonlinear parabosonic supersymmetry can be obtained via appropriate modification of the classical analog of usual supersymmetric quantum mechanics. 
RDHA and anyons
can be considered as even and odd generators of osp(1|2) superalgebra: (2p + 1), p = 1, 2, . . ., n = 0, . . . , 2p) representation of RDHA. Then the following spinor set of linear differential equations describes universally ordinary spin-j fields and anyons [29] [30] [31] :
where R is the reflection operator of RDHA, m is a mass parameter, and
The condition of integrability of two equations (5) 35 under investigation of the (2 + 1)D model of relativistic particle with torsion (see also refs. 36, 37 ). Varying the deformation parameter in the region ν > −1, one can obtain the fields of integer spin (ν = 4n−1, s = n, n = 1, 2, . . .) as well as of half-integer spin (ν = 4n + 1, s = n + 1 2 , n = 0, 1, . . .). However, such fields of integer and half-integer spin have a nature to be essentially different from the nature of usual spin-j fields appearing in the case of finite-dimensional representations of RDHA (ν = −(2p + 1)) since they have hidden nonlocality. In the rest frame, the solution to the Klein-Gordon and Majorana equations has only one nontrivial component in correspondence with the pseudoscalar (helicity) nature of spin in 2+1 dimensions 38, 39 . But the Lorentz boost enlivens all the infinite number of components of the field Ψ + (x) in the case ν > −1 31 . There is the analog of coordinate representation for RDHA, in which
and Rψ(q) = ψ(−q). In such representation the fields Ψ + (x) have a structure of the functions to be even in continuous variable q: Ψ + (x, q) = Ψ + (x, −q). This means that the corresponding solutions to the equations (5) in the case ν > −1 have the hidden half-infinite nonlocality (q ≥ 0) which is analogous to the string-like nonlocality of anyon fields in other approaches 40, 41 . To conclude, RDHA finds various theoretical applications including the described two. It would be interesting to look for the experimental manifestation of the exotic supersymmetry of parabosons. In general, the existence of the polynomial supersymmetry is characterized by the presence of several singlet states which could be considered as an indication on parabosonic-like excitations (quasiparticles) in the system. The search for possible experimental manifestation of the nonlocal (in internal variable q) fields of integer and half-integer spin associated with parabosons seems to be another interesting problem.
